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Abstract. The free analog of the pressure is introduced for multivariate noncommutative 
random variables and its Legendre transform is compared with Voiculescu's microstate free 
entropy. 

Introduction 

The entropy and the pressure are two fundamental ingredients in both classical and quan- 
tum statistical mechanics, in particular, in classical and quantum lattice systems (see [11, 2] 
for example). They are the dual concepts of each other; more precisely, the entropy function 
is the Legendre transform of the pressure function and vice versa under a certain duality 
between the state space and the potential space, and an equilibrium state associated with 
a potential is usually described by the so-called variational principle (the equality case of 
the Legendre transform). The free entropy introduced by D. Voiculescu [15, 16] has played 
a central role in free probability theory as the free analog of the Boltzmann-Gibbs entropy 
in classical theory. It then would be natural to consider the free probabilistic analog of the 
pressure. In [8] we indeed introduced the free pressure of real continuous functions on the 
interval [—R, R] and showed its properties like the statistical mechanical pressure (see Section 
1 of this paper). 

The aim of the present paper is to introduce the notion of free pressure for multivariate 
noncommutative random variables and to investigate it in connection with the free entropy. 
(The contents of Sections 2 and 3 were indeed announced in [7, §§4.4].) In [8] we adopted 
the Legendre transform of the minus free entropy of probability measures to define the free 
pressure of real continuous functions. The idea here is opposite; we will first introduce the 
free pressure of noncommutative multivariables in the so-called microstate approach, and 
then we will examine what is the Legendre transform of the free pressure. 

In Section 2 we define, given € N and i? > 0, the free pressure vr/j^/i) for selfadjoint 

elements h of the A^-fold full free product C*-algebra A^^^ := C{[—R,R\)*^ and give its 
basic properties. In Sections 3 and 4 we consider the Legendre transform riii{ji) of for 

tracial states ^ on under the duality between the selfadjoint elements and the tracial 

states. For an iV-tuple (ai,...,aAr) of selfadjoint noncommutative random variables in a 

VF*-probability space {M,t) such that ||aj|| < R, a tracial state A*(ai,...,aiv) -^^r^ 

be defined by ^(ai,...,ajv)(^) T{h{ai, . . . ,aN)) for h £ -4.^^ where /i(ai, . . . , oat) is the 
noncommutative "functional calculus" of (oi, . . . ,ajv). We then define the free entropy-like 
quantity r//j(ai, . . . , oat) as r/fl(^(ai,...,ajv)) and also r/(ai, . . . , oat) := supj:j>o • • • jOa^)- 

The properties of r/_R(ai, . . . ,a]\f) are similar to those of Voiculescu's microstate free entropy 
x(ai, • • • jCln) while they do not generally coincide. But it is shown that r]ji{ai, . . . ,a]\f) > 
xio-i, . . . , Oat) holds and equality arises when ai, . . . , cat are free. Also, we have r]ii{ai, 02) = 
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x{ai,a2) if ai + ia2 is i?-diagonal (Section 5). In Section 6 we slightly modify ttr to define 
the free pressure tt^-* (g) for selfadjoint elements g of A^^^ (Ximin -4^'' and prove that the 

(2) 

quantity fj{ai, . . . , ajv) induced from tt]^ via Legendre transform is equal to x(ai, . . . , ajv)- 
In this way, the free entropy can be understood as the Legendre transform of a certain free 
probabilistic pressure. Finally in Section 7 we consider the Gibbs probability measure on the 
AT-fold product of {A G M^'^ : \\A\\ < R} associated with ho G {A^r^Y", and we examine 
the asymptotic behavior of its Boltzmann-Gibbs entropy as n ^ oo in relation to rjR^fXo) of 
an equilibrium tracial state /xq associated with ho, i.e., a tracial state /xq on A^^^ satisfying 
7rij(/io) = -IJ-o{ho) +m{lJ-o)- 

1. Preliminaries 

Let {M,t) be a tracial T^*-probability space, that is, is a von Neumann algebra with 
a faithful normal tracial state r, and M.^"" be the set of selfadjoint elements in Ai. Let Mn 
be the algebra of n x n complex matrices and M*" the set of selfadjoint matrices in M„. The 
normalized trace of A e Mn is denoted by irn{A) and the operator norm of A by ||74||. In 
[16] D. Voiculescu introduced the free entropy of an iV-tuple (ai, . . . , Ojv) of noncommutative 
random variables in A^*" as follows: For each i? > 0, e > and n, r G N define 

Tniai, ...,aN;n,r,e):={{Ai,...,AN)e (M^«)^ : ||A|| < R, 

)| <e, l<ii,...,ik<N, k<r}, 

XR{ai,...,aN) := lim limsupf ^ log A®^(rR(ai, . . . , ajv; n, r, e)) 

r-^oo, £->-+0 n-+oo 

+-logn], (1.1) 

where denotes the A'"-fold tensor product of the "Lebesgue" measure A„ on M*": 

n 

dAn{A) := 2"("-i)/2 J] dAu J] d(Re Aj) d{Im Aj) 

i=l i<j 

(the constant 2"("-i)/2 comes from the isometric isomorphism between M^" and ) . Then 
the free entropy of (ai, . . . , oat) is 

X(ai, . . . ,aAr) := sup XK(ai, . . . , oat)- 
R>o 

The definition being based on the microstate (or matricial) approximation, this 
x(ai, • • • , Oat) is sometimes called the microstate free entropy in contrast to another Voiculescu's 
free entropy x*(o^i) ■ ■ ■ ■> O'n) in the microstate-free approach in [19]. 

In the case of a single variable a G M^"' whose distribution measure (with respect to r) is 
fx, x(a) coincides with the free entropy S(|Lt) ■= JJ log \x — y \ dfi{x) djiiy) of fi introduced in 
[15] up to an additive constant: 

x(a) = S(/x) + ilog27r + | 

With i? > fixed, let Ck([— i2, i?]) be the Banach space of real continuous functions on 
[— i?, i?] with sup-norm || • ||, and M.{\—R,R\) be the set of probability measures on [—R,B\. 
Consider the dual pairing 

li{h) := J hdn for h G CMi[-R,R]), n G M{[-R,R]). 
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The free entropy x(m) •= ^(m) + 5 log 27r + | being strictly concave and weakly upper semi- 
continuous on M{[—R, R]) (see [9, 5.3.2] for example), it is natural to consider the Legendre 
transform of — x(/x) as follows: 

^^R{h)■.= sup{-^i{h) + x{^J')■^^eM{[-R,R])} ior he Cm{[-R,R]). (1.2) 

This TTR{h) is the free pressure of h discussed in [8]. A fundamental result in the theory of 
weighted potentials ([14, 1.1.3 and 1.3.1]) tells us that for each h € Cm.{[—R,R]) there exists 
a unique cr'* G M{[—R, R]), called the equilibrium measure associated with h, such that 

-a\h)+x{a'')=7TR{h). 

The last equality characterizing cr'' is a kind of the variational principle, a fundamental notion 
in statistical mechanics. Let us assemble some properties of the free pressure obtained in [8] 
in the following: 

(I) The function Trji{h) on Cm,{[—R,R]) is convex and decreasing, i.e., 'KR{h\) > 'KR{h2) 
if hi < h2- Moreover, 

kij(/ii) -vri?(/i2)| < \\hi - h2\\ for all /ii,/i2 G Cr{[-R,R]). 

(II) Conversely, xil^) is the (minus) Legendre transform of ■KR{h), that is, 

X(//) = il^i{^l{h)+^XR{h) : h G C^{[-R,R])] for every G M{[-R,R]), 

(1.3) 

(III) For every h G C-^{[—R,R\), iTR{h) is expressed as 

TTRih) = lim ( ^ log / e^p{-nhTn{h{A))) dA„(^) + ^ log n ) , (1.4) 

where {M^"-)r := {A G M^" : \\A\\ < R] and /i(A) is defined via functional calculus. 

(IV) For each h G Ck([— i?, i?]), define a probability measure A^^ on {M^"')r by 

d>^R,ni^) ■= ^exp(-n2tr„(/i(A))) X{\\a\\<r}{A) dAn^A) 

with the normalization constant 

Z%^^ := [ e^pi-nhvnihiA))) dK{A), 

and let S{\^^) be the Boltzmann-Gibbs entropy of A^^. Then 

2. Free pressure ttr for multivariables 

For each G N and i? > we write A^^'' for the A^-fold full (universal) free prod- 
uct C*-algcbra of C{[-R,R]), i.e., A^^^ := C{[-R,R]y^. One can describe A^^^ in a 
bit more constructive way as below. Consider the (algebraic) noncommutative polyno- 
mial *-algebra C{Xi, . . . , Xn) with noncommuting indeterminates Xi, . . . , Xn, where the 
*-operation is given by X* = Aj. Let C(Ai, . . . , Ajv)''" be the space of self ad joint polynomials 
p = p* in C(Ai, . . . , Xn). Obviously, p{Ai, An) G Af^f whenever p G C(Ai, . . . , XNy 
and Ai,...,An G M^". One can immediately see that a C*-norm || • \\r is defined on 
C{Xi,...,Xn) by 

||p||ii:=sup{||p(^i,...,Ajv)|| :^i,...,AjvGM^«, \\Ai\\ < R, n G N}. 
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Proposition 2.1. The C* -completion of C{Xi, . . . ,Xn) with respect to \\ ■ \\r is isomorphic 

to .4^^ by the isomorphism mapping Xi to fo{t) = t in the ith copy of C{[—R,R]) of A^^^ 
forl<i<N. 

Proof. Let 2t^^ be the C*-completioii of C(Xi, . . . , X^) with respect to || • \\r. Since any *- 
homomorphism of C{[—R,R]) into BiTi.) is determined by a sclfadjoint a G B(Ti.) with ||a|| < 
R (the image of /o), what we have to prove is that, for each sclfadjoint ai, . . . ,a]\f G B(7{) 
with ||ai|| < R, there exists a *-homomorphism $ : 21^^ B{H) such that = a^, 

1 <i < N. To do so, it suffices to show that 

||p(ai,...,ajv)|| < Mr for ah p G C(Xi, . . . , X^). 

But this is easy to show. In fact, choose a net of finite-dimensional projections in BiTi) 
with Cfe y 1. Then, the above inequality follows because ||p(efcaiefc, . . . , e^aivefc)!! < \\p\\r 
and p{ekaiek, BkaNSk) p{ai, qn) strongly. □ 



In view of the above proposition, we consider A^^^ as the C*-completion of C{Xi, . . . , Xn) 
with respect to || • \\r and write || • \\r for the norm of A^^^ as well. For each selfadjoint 
ai, . . . ,a]\f £ B{T[) with ||aj|| < R, we can extend p £ C{Xi, . . . ,Xn) ^ pi^i, ■ ■ ■ jO-n) S 
B{Ti) to a *-homomorphism A^^^ — > B{H), written as 

h e ^Sf^ h{ai,...,aN) G B(n), 

which is regarded as the "continuous functional calculus" of the noncommutative iV-tuple 

(oi, . . . , ajsf). In particular, for a single sclfadjoint a with ||a|| < R, this reduces to the usual 

functional calculus h{a) for h G C{[—R,R]) (= A^^^). There are natural operations on the 
class of C*-algebras ^{f ^ (iV G N, > 0). 

(a) When Ri < R, the restriction / i-^ f\[-Ri,Ri], f G C{[—R, R]), induces a *-homomorphism 

rR,R, : ^Sf ^ ^ A'-^^I Note that rR,R^ {p) = p for p £ C{Xi, Xn). 

(b) For each R,Ri > the dilation / i— > f[[R/Ri) •) induces a *-isomorphism pr^r^ : 
A^^^ A^^\ For a polynomial p G C(Xi, . . . , Xjv) this is written as 

PR,m {p){Xi,. ..,Xn)= p{{R/Ri)Xu {R/Ri)Xn). 

In particular, the C*-algebra ^1^^ is independent (up to a ^-isomorphism) of the 
choice of > 0. 

(c) When 1<L<N, A^^^ and A^^~^^ are considered as C*-subalgebras of A^^^ under 
the identification A^^^ * ■^^r"^^ — -^iT^ • For hi G v4^^ and /i2 G A^^~^^ we simply 
write hi + /12 for the sum of hi, h2 in A^^^ under this identification. For polynomials 
Pi G C{Xi, . . . , Xl) and p2 G C{Xl^i, . . . , Xn) this is the usual polynomial sum 

P1+P2 eC{Xi,...,XN). 

Let (^^^)*" be the selfadjoint part of A^^\ Note that h{Ai, . . . ,An) G M^" whenever 
h G {A'-^^Y" and Ai, . . . , G M^" with \\Ai\\ < R. It is immediate to see that the function 
h{Ai,...,AN) on (M^'^)^ is continuous, where (M^")^ is the AT-fold product of (M^'')ij. 
The following definition is the direct multivariate extension of the formula (1.4) (see also 
(LI)): 
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Definition 2.2. For each R > and h e {A^r^Y" define 

7ri?(/i) :=hmsup( ^log / exp{-nhTn{h{Ai,. . . ,An))) dA^^{Ai,. . . ,An) 

+-lognj. (2.1) 

We call this 'KR{h) the free pressure of h (with parameter > 0). 

Basic properties of free entropy TiRih) arc summarized in the following. This and the above 
definition extend the properties (I) and (III) in Section 1 to noncommutative multivariables. 

Proposition 2.3. 

(1) T^R{h) is convex on 

(2) ///ii,/i2 E {A^r^)'^'^ (ind hi < h2, then TTR{hi) > 'KR{h2). 

(3) \'KR{hi) - TTR{h2)\ < \\hi - h2\\R for all /ii,/i2 G {Ar^^)""' ■ 

(4) IfR>Ri>Oandhe {A^r^Y^ then R,{r R,R,{h)) < TiR{h). 

(5) IfR,Ri >0 andhe (^Jf^", then 7TR,{pR,R,{h)) = 7rR{h) + Nlog{Ri/R). 

(6) Let hi € {A^R^)^"' and h2 € {A^r ^^Y"^ where 1 < L < N , and hi + /12 be given 
as in (c) above. Then 'KR{h\ + h2) < T^R{hi) + TTR{h2)- In particular when L = 1, 

TTRihl + /12) = T^nihl) + 7TR{h2). 

Proof (1) Let hi,h2 e {A^r^Y"' and < a < 1. For Ai,...,An e {M^'')r set 
fk{Ai,...,A]si) := exp(-n^tr„(/ifc(yli, . . . , Atv))), A; =1,2, 
f{Ai,...,AN) := exp(-n2tr„((Q/ii + (l-a)/i2)(Ai,...,^iv))). 
Since the Holder inequality gives 

/ /dAr = / /f/2'-"c/Ar 

\ 1-a 



we have 



< / hd^T] / /2dAr 



\\ogf /dAr + flogn 

<a(4log / /,dAr + f logn) 

+(!_«)( J_ log /■ /^dAr + f log 



n 



which implies that 

TTRiahi + (1 - a)/i2) < aTTR{hi) + (1 - a)7rij(/i2). 

(2) is obvious because the assumption implies that hi{Ai, . . . ,A]\f) < /i2(^i, . . . ,An) for 
all Ai e (M-)^. 
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(3) By the definition of || • \\r, for any Ai, . . . , An € {M^^)ii we get 

|tr„(/ii(Ai,...,^jv)) -tr„(/i2(^i,...,^7v))| < \\hi-h2\\R 

so that 

exp(-n^tr„(/ii(Ai, . . .,An))) exp(-ra^||/ii - /i2||i?) 

< exp(-nV„(/i2(^i, . . . , An))) 

< exp[-nhin{hi{Ai, . . .,An))) exp(n^||/ii - /i2||r). 
This immediately implies that 

T^Rihi) - \\hi - h2\\R < 7TR{h2) < 7rii(/li) + \\hi - h2\\R. 

(4) is obvious because vr^r^ {h){Ai, An) = h{Ai, An) for Ai G (M^")r^. 

(5) For hi := PR^R^{h) and a := Ri/R, since hi{Ai, . . . ,An) = h{a~^Ai, . . . ,a~^AN) for 
A, € (M^'^)iji, we get 



/ exp(-n2tr„(/ii(Ai,...,Aiv)))(iA®^ 

= f exp(-n^tr„(/i(a-^Ai,...,a-Miv)))dA®^ 



a"'^ / exp(-n2tr„(/i(Ai, . . . , An))) dA^^ 



thanks to the trivial formula dAn{aA)/dAn{A) = a"^. Hence TrR^{hi) = TrR{h) + AT log a. 

(6) Since {hi + /i2)(^i, ...,An) = hi{Ai, ...,Al) + /i2(^l+i, ■ ■ ■ , ^jv) for A e 
we get 



[ exp{-nhvn{{hi + h2){Ai, . . .,An))) dA®^ 
/ exp(-n2tr„(/ii(^i,...,^L)))dA®^ 

/ exp(-n2tr„(/i2(Ai+i, • • .,An))) dA®^ 



and hence 
1 

n- ./(M-)g 



^log / cxp(-nVn((/ii + /i2)(^i,...,^iv)))dA®^ + :^logn 
= ^ log /" exp(-n2tr„(/ii(^i, . . . dA®^ + ^ logn 

+^ log / exp(-n2tr„(/i2(^L+i, ■ ■ ■ ,^jv))) dA®^"^ + ^^^--^ logn, 



which gives the required inequality. Also, the above equality together with the formula (1.4) 
(with limit) gives the last assertion. □ 

3. LeGENDRE transform ■r]R OF FREE PRESSURE 

We first define the (minus) Legendre transform of the free pressure ttr in the purely 
algebraic situation. 
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Definition 3.1. Let 'E,{Xi, . . . ,Xn) denote the set of selfadjoint linear functionals n on 
C(Xi, . . . ,Xn) such that = 1, where the selfadjointness of /x means n{p*) = fi{p) for 
p e C{Xi, Xn)- For each R> and /x G . . . , Xn) define 

r/ij(/x) := inf{/x(p) + ttr{p) : p G C(Xi, . . . ,Xiv)^"}. 

The following is obvious by definition. 

Proposition 3.2. For each R > 0, r]R{fi) is a concave function on Tl{Xi, . . . ,Xn), and it is 
upper semicontinuous in the sense that if fi, G . . . , X^) for A; G N and Hk{p) /^(p) 

as k ^ oo for all p G C(Xi, . . . , X^), then 

Vr{i^) > limsup?7R(//fc)- 

A;— >oo 

Let T(,4^^) denote the set of all tracial states on A^^\ As is easily seen, /x G . . . , Xn) 

can (uniquely) extend to an element of T(^A^^^) (in this case we also write /j, G T(^^^)) if 
and only if the following three conditions are satisfied: 

(a) /i > in the sense that iJ,{p*p) > for all p G C{Xi, ... , Xn), 

(b) |/x(p)| < |N|i?for allpGC(Xl,...,X^,), 

(c) /X is tracial in the sense that /x(piP2) = m(P2Pi) for all pi,P2 G C(Xi, . . . ,Xn). 

Lemma 3.3. If ii ^ . . . ,Xn) and jj, ^ T(^A^^^) (i.e., fi does not extend to an element 

ofT{A^^^)), then r/ij (/x) = -oo. 

Proof. Assume that /x G T,{Xi, . . . , Xn) and ??i?(/i) > — oo, and we prove that the above 
conditions (a)-(c) hold. 

(a) Suppose ^{p*p) < for some p G C{Xi, . . . , Xn)', then for each a > we get 
7rji{ap*p) < 71^(0) by Proposition 2.3 (2). Therefore, 

flnilA ^ l^(,(^P*P) + '^R{oip*p) — > — oo as a — > oo, 

a contradiction. 

(b) Suppose |/x(p)| > \\p\\R for somep G C(Xi, . . . ,Xn)^^- We may suppose /x(p) < — 
Since Proposition 2.3 (3) gives 'KR{ap) < \\ap\\R + 7rfl(0) for a > 0, we get 

< a(/u(p) + IIpIIj?) + 7r/j(0) — > -oo as a ^ oo, 

a contradiction. Hence we have shown that |/tx(p)| < \\p\\r for all p G C{Xi, . . . , Xn)^"" ■ 
Thanks to this and (a) already proven, it follows that /x extends to a bounded positive linear 
functional on the C*-algebra A^^\ Since /x(l) = 1, the extended /x has norm one. 

(c) It suffices to show that n{i{piP2 —P2Pi)) = for all pi,P2 G C(Xi, . . . , Xn)^'^- Suppose 
lJi{i{piP2 - P2P\)) < for some pi,p2 G C(Xi, . . . ,Xn)^"'. For a > we get TTR{ia{pip2 - 
P2P1)) = ■7ri?(0) because trn{ia{pip2 — p2Pi){Ai, . . . , An)) = for any Ai G M^". Therefore, 

ilRifJ-) < fi{ia{piP2 - P2P1)) + ■^R{ia{piP2 - P2P1)) 

= aii{i{pip2 - P2P1)) + 7rij(0) — > -00 as a ^ 00, 
a contradiction. □ 

The above lemma says that the essential domain G . . . ,Xn) '■ ??i?(/u) > —00} is 

included in T(^^'). In the next theorem we show that ttr (h) for h G (y^SfV and r]R{fi) 
for ^ G r(^Sf are the Lcgcndre transforms of each other with respect to the Banach space 
duality /x(/i) for h G {A^r^)^"" and /x G [A^^^)*''''"' , the selfadjoint part of [A^^^)* . In this way. 
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the Legendre transform formulas (1.2) and (1.3) are extended to the noncommutative multi- 
variate setting, where Cm.{[—R,R]) and M.{[—R,R]) are replaced by (-A^"*)^" and T(^^^), 
respectively. 

Theorem 3.4. 

(1) For every fi G T[A^^^), 

VRifi) = inf{^(/i) + TTnih) : h G {AfY}- 

Hence, r]ji{iJ.) is concave and weakly* upper semicontinuous on ^(v4^''). 

(2) For every h G (^Jf 

TTRih) = sup{-/x(/i) +r/ij(/x) : n G T{A^^^)}. 

Proof. (1) is obvious from Definition 3.1 because C{Xi, . . . ,Xn)^"- is dense in {A^^^Y"'. 

(2) The Legendre transform of 'iTR{h) on {A^^'^Y'^ with respect to the Banach space duality 
between (^Jf^)'" and (^Sf ^)*''" is 

{nRy{^l) := sup{-fi{h)- TTRih) -.heiA^^Y) 

= -inf{fi{h)+ TTRih) : h G {A^^Y} for G (^SfV''". 
Suppose fjL G (-4^'*)*'*" and /[/(I) ^ 1; then for a G M wc get 

/x(al) + TTR{al) = a{^^{l) - 1) + ttr{0) 
thanks to TTR{al) = —a + ttr{0). Hence {ttr)*{ij,) = +oo. This and Lemma 3.3 imply that 

fTT.rfui-/-^^^'") if/xGr(^Sf^), 

^"^^ ^""^ -\+oo if ^ G {Af^- \ T{Af^). 

Since TTR{h) is convex and continuous on (^j^'*)*", it is the Legendre transform of {ttr)*{ii) 
on (^(f so that 

7ri?(/i) = sup{-^(/i) - (7r^;)*(^) : ^ G (^r'V''"'} 
= sup{-//(/i) + ?7r(//) :/xGT(^Sf))}, 
as desired. □ 

Since T(^^^) is weakly* compact, for each G {A^^^Y'^ there exists a /xq G T(^^^) 
such that 

vrR(/io) = -/Uo(/io) + iir{ho). 

This equality condition is a kind of variational principle, so wc call such hq an equilibrium 

tracial state associated with Iiq. We sec by the above proof that such a //q £ '^{•^^r^) 

is characterized as an element of (^^'*)*'^" which supports at ho the function TTR{h) on 

(^^'')*". Thus, the general theory of conjugate (or Legendre) functions says (see [5, L5.3] 
for example) that the uniqueness of an equilibrium tracial state associated with ho G A^^ is 
equivalent to the differentiability of TTR{h) at /iq; or equivalently, 

lim ^-^^^Q ^ ~ ^-^(^o) 
t^Q t 
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exists for every p € C(Xi, . . . , Xtv)*" (the above limit then equals //o(p))- In the single 
variable case {N = 1), as mentioned in Section 1, there is a unique equilibrium measure 
associated with each ho G Cm.{[—R,R]) (= {•^^r)^'^)^ so that we have 

Ihn ^dho + th)-nn{ho) ^ ^^^^^ ^ ^ ^^^^ 

However, in the multivariate case, it seems quite a difficult problem to show the differentia- 
bility of TTRih) (even at /iq = for instance). It might be worth noting a general result that 

the function ttr is differentiable at points in a dense Gs subset of {A.^r^)^"'. Indeed, this is 
true for any Lipschitz continuous convex function on a separable Banach space (see the proof 
of [4, V.9.8]). 

4. Quantity 77(01, . . . , qn) for multivariables 

We apply the quantity rjR{jj,) for fi £ . . . , X^r) to introduce a free entropy-like 

quantity for noncommutative multivariables in a tracial Ty*-probability space {M. , r) . 

Definition 4.1. For each ai, . . . , oat G M.^"' define A*(ai,...,ajv) ^ ^(-'^i) • • • > ^n) by 

/^(ai,...,ajv)(p) ■= • • • ,aiv)). 

m{ai, . . . , Civ) := r]R{^^{ai,...,aN))'^ 

inf{r(p(ai, . . . , a^v)) + 7Tr{p) : p € C(Xi, . . . , X^r}, 

77(01, . . . ,aAr) := sup 77^(01, . . .,aN)- 
R>o 

If (oi, . . . , ojv) £ Al*" and R > maxj ||aj||, then we have fj, := M(ai,...,ajv) ^ '^(•^i?'^^) because 
of the the functional calculus h G A^^^ 1-^ /i(ai, ■ ■ ■ , cln) G A^- In this case, rjR{ai, . . . , ojv) is 
also given as 

r]R{ai, . . .,aN) = inf{T(/i(ai, . . .,aN)) + TTR{h) : h G {A^r^)'''"'}, 
and wc further see that {ai, . . . jUn}" (C is isomorphic to the von Neumann algebra 
7r^(^^^y' by the isomorphism defined by 1-^ TT^{Xi), 1 < i < N, where tt^ is the GNS 

representation of A^^^ associated with (A related result in connection with Connes' 
embedding problem is found in [3, §9].) 

The next proposition in the single variable case is a direct consequence of (II) in Section 

1. 

Proposition 4.2. For every a G M^"" with \\a\\ < R, 

via) = m{a) = x(a). 
The following is obvious by definition and Proposition 3.2. 

Proposition 4.3. For each R > 0, 77^(01, . . . jGn) is upper semicontinuous on (Ai*")^ in 
strong topology, that is, if (ai, . . . , aj^) and {a^i \ . . . , ajv'*) ^'"^ 

{M'")^ for k e N and 

(k) 

a\ ^ ai strongly as k ^ 00 for 1 < i < N , then 

riR{ai, . . .,aN) > limsup77ij(af \ . . .,aP). 

fe— >oo 



We further define 

namely, 

riR{ai,. . . ,aN) 

and 
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The following properties immediately follow from (4) and (6) of Proposition 2.3. 

Proposition 4.4. Let ai, . . . , cat G A^^". 

(1) If R> Ri > 0, then r]R^{ai, . . .^qn) < miai, ■ ■ ■,aN). 

(2) Forl<L<N andR>0, 

riR{ai,...,aN) < VRiai, ■ ■ ■ ,01) + VRiaL+i, ■ ■ ■ ,aN), 
ri{ai,...,aN) < ri{ai, . . . ,aL) + ri{aL+i, ■ ■ ■ ,aN)- 

For Voiculescu's free entropy, it is known that x_R(ai, . . . , cat) = x{o,1j ■ ■ ■ 1 ^^n) whenever 
R > maxj ||aj||. However, the similar property for rjR that r?ii(ai, . . . ,ajv) = r]{ai, . . . ,ajv) for 
such R is unknown. 

Theorem 4.5. 

(1) For every ai, . . . , oat G M^"" and R> 0, 

r]R(ai, . . . ,aN) > XRi^i, ■ ■ ■ ,aN), 
r]{ai,...,aN) > x(ai, . . . , oat). 

(2) If ai, . . . , qn € M^°' are free and R > maxj ||ai||, then 

7/(01, ■ ■ ■,aN) = VRiai, ■ ■ ■,aN) = x(ai, • • • ,aAr). 

Proof. (1) Let p G C{Xi, . . . , X^y^ and (5 > be given. One can choose r G N and e > 
such that, for each n G N, (^1, . . . , A^) G TR{ai, . . . , cat; n, r, e) implies 

|tr„(p(Ai, . . .,An)) - T{p{ai, . . . ,aAr))| < S. 

This gives 

/ ew{-nhTn{p{A,, . . .,A^))) dA®^ 

> exp(-n^r(p(ai, . . . ,aAr)) - ra^^) A®^(rfl(ai, . . . ,aAr;n,r,e)) 

^ log / exp(-n2tr„(p(Ai, . . . , ^at))) dA^^ 

> -/^(ai,...,ajv) W - + log (rR(ai, . . . , Oat; n, r, e)) . 

Therefore, 

M(ai,...,a;v)(f') + ^RiP) + ^ ^ XR(ai, • • • , ajv). 
Since p G C(Xi, . . . , Xn)^"' and (5 > are arbitrary, we have 

riR{ai,...,aN) > XR{ai, ■ ■ ■ ,aN), 

which gives the other inequality as well. 
(2) We have 

rjR{ai,...,aN) < VRia-i) -\ \- rjR{aN) (by Proposition 4.4 (2)) 

= x('*i) + 1" xiC'N) (by Proposition 4.2) 

= x(ai>--->OAr) 

by the additivity of x(oi, • • • , oat) in the free case ([16]). The converse inequality is in (1). □ 

By Proposition 4.4 and Theorem 4.5 we notice that 77(01, . . . , oat) admits the same maximal 
value as x(fli) ■ ■ ■ jO-n) when restricted on ||oj|| < R. In fact, the maximum is attained when 
oi, . . . , Oat are free and each has the arcsine distribution supported on [—R, R]. 



so that 
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Remark 4.6. For fi € T(yl^^') wc denote by x(/") the free entropy x(7r^(Xi), . . . ,7t^{Xn)) 

via the GNS representation tt^^ of .4^^ associated with fi. According to [17], if x(«i) • • • > cln) > 
— oo for selfadjoint variables ai, . . . , qn in a tracial VF*-probability space, then {ai, . . . , ajv}" 
is a (non-hyperfinite, even non-F) IIi factor. This shows in particular that if /x G 
is not factorial (or not extremal in T(yl.^^)), then = —oo. Choose two different 

A*i)A*2 G ^(-^if^'') such that x(/^'i) ^.nd x(a*2) are finite; then for (/"i + A*2)/2 we get 

rjino) > —oo thanks to the concavity of rj (Theorem 3.4 (1)), but xip-o) = — oo. Hence, rj and 
X arc not equal in general; x(/") ^ov ji € T(^^'') is far from concave. 

The following two propositions are analogous to [16, Propositions 3.6 and 3.8]. But it does 
not seem that 77 enjoys the change of variable formulas established in [16, 18] for x- 

Proposition 4.7. 

(1) If A = [aij]iyj=i G Miv(M) and . . . , /3jv G M, then 

(N N \ 

aijaj + Pil, ■ ■ ■ , ^ aNjttj + Pn^ | = viai, ■ ■ ■ > «Ar) + log I det A\. 
j=i j=i J 

(2) //oi, . . . , Oiv are linearly independent, then r]{ai, . . . , qn) = —00. 

Proof. (1) Write k := Ylj=i(^ijO'j + ^jl for 1 < i < N. Here, assume that j4 is invcrtible 
(the singular case will be seen after proving (2)), and define ^' : (iW^")^ (iW^")^ by 



(N N \ 

^ aijAj + pil, . . . , ^ UNjAj + pNiy 
j=i j=i ) 



It is known (see [9, 6.2.2]) that d{S®^ o ^)ldts®^ = |det^|"'. For each R > and q e 
C(Xi,...,Xjv)'" set 

/ N N \ 

p(Xi, . . . , Xn) ■=q[^ «ij^j + AI, • • • , ^ ^NjXj + /3jvl 1 . 

\i=i j=i ) 

Then we get 

-KR^q) > limsupf^log/ exp(-n2tr„(g(Si, . . . , Sat))) c?A®^ + ^ logn ) 

= limsupf^log/ exp(-n2tr„((go*)(Ai,...,Aiv)))d(A®^o*) 

+y logn 1 

= 7rR(p) + log I det A| 

so that 

T(g(5i, . . . ,6iv)) +7rR/(g) > T{p{ai, ... ,aN)) + it nip) + log \ det A\ 

> r]R{ai,...,aN) +log\detA\. 
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Therefore, 

riR>{bi,...,bN) > 77ij(ai,...,aiv) + log|det^|. 
By reversing the roles of (ai, . . . , ajv) and (61, . . . , 6iv) we have 

77(61, ...,bN) = r){ai, oat) + log | det A\. 

(2) We may assume that oi = 0202 + • ■ ■ + oncln with ai G M. For every e > 0, since 
ai = eai + (1 — £)Q;2a2 + ••• + (! — £)aNa.N- we get by (1) 

r]{ai, . . . ,aAr) = 77(01, . . .,aN) + loge, 

implying 77(01, oat) = —00. Finally, when A is singular, it follows from (2) just proven 
that both sides of the equahty in (1) are —00. □ 

Proposition 4.8. Let oi, . . . , o^v, 61, . . . , 6jv G AI*" be such that bi = oi and bi — ai G 
{oi, . . . , Oj-i}" for 2 < i < N , and let Rq := maxj \\bi — Oi|| . Then 

rjR{ai,...,aN) < VR+Roibi, ■ ■ ■ ,bN) if R > maxi\\ai\\, 
rjR{bi, . . . ,bN) < 77ij+ijo(oi, . . . ,OAr) if R > maxi\\bi\\. 

Hence, 

77(01, . . . ,OAr) = 77(61, . . . ,6Ar). 

Proof When R > maxj ||oi||, as noted just after Definition 4.1, /x := lJ.(ai,...,aM) ^ ^(-^iT^) 

and {oi, . . . , otv}" is isomorphic to 7r^(^^'*)" by the isomorphism ^Jj defined by ■ip{ai) = 
7r^(Xj), 1 < i < A'". For each 2 <i < N, since ip{bi—ai) G {7r^(Xi), . . . , 7r^(A'i_i)}", using Ka- 
plansky density theorem and an argument with functional calculus, one can choose a sequence 
of selfadjoint elements /if \ A; G N, in C*{Xi, . . . , Xj_i) (c A^^^) such that ||/if < \Mbi- 
= ll^i and 7rju(/if ^) — > ^(6j — Oj) strongly as A; — > 00. Hence, there exists a sequence 
T^f G C(Xi, . . . , Xj-i)*", A; G N, such that ||pf < ||6i - ai\\ and V(pf ^(ai, • • -,0^-1)) = 
7r^(pf ^(Xi, . . . ,Xi_i)) ^ '0(^'i - ai) strongly; hence ^(oi, . . . , Oj-i) bi - ai strongly 
as A; ^ 00. Set 6^^^^ := 61 = oi and fef^ := Oj + pf ^(oi, . . . , aj_i) for 2 < f < A". Then 
||6f ^11 < lloill + \\bi - Oill <R + Ro and 6f ^ ^ 6^ strongly as A; ^ 00. Define : (M^'*)^ ^ 
(M^«)^, ^'('=)(Ai,. . . ,^Ar) = (Si, . . .,Bn), hjBi := A^ and Bi := A,+pf (Ai, . . . , A,_i) for 
2<i<N. Notice that A®^ is ^'('=)-invariant: A®^o*W = A®^. If (^1, ... , Aat) G (M^")^, 
then ^'(*^)(Ai, . . . ,^7v) € (Mr)^+^^ because of \\B^\\ < \\Ai\\ + ^H^j KR + Rq. 
For each g G C(A:i, . . . , Xjv)^", setting G C(Xi, . . . , Xjv)^" by 

p(*^)(Xi, . . . := ?(Xi,X2 +p?^(Xi), ...,Xm +#(Xi, . . . ,Xiv-i)), 



we get 



7I"R+Ro(9) 

>limsup(^log / exp(-7i2tr„(g(Bi,...,5jv)))dA®^ + ^log7i ) 

= limsup(^ / exp(-7i2tr„((go^'('=))(^i,...,Aiv)))dA®^ + ^logn) 

= limsupf ^ / exp(-7^2tr„(pW(Al, . . . , Ajv))) dA®^ + ^logri | 



= 7rRip^''^). 
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Therefore, since p^^^{ai, . . . ,ai\f) = q{bi , . . . ), 

> rjR{ai,. . . ,aN) 

so that letting A; — > oo gives 

T{q{bi,...,bN)) +TrR+Ro{q) > 77^(01, a^v), 

which yields 

VR+Roi^iy ■■■,bN)> ■HR^ai, . . .,aN)- 

Since the assumption implies that ai — bi G {bi, . . . ,bi-i}" for 2 < z < AT, the other 
direction follows by reversing the roles of (oi, . . . , ajv) and (61, ... , b^). □ 

5. Equality ■>] = x for i?-DiAGONAL variables 

Let {A4,t) be a tracial iy*-probability space as before. When x is a non-selfadjoint clement 
in M., Voiculescu's (microstate) free entropy of x is defined as x(c^i) ^^2) where ai and a2 are 
the real and imaginary parts of x, i.e., ai = {x + x*)/2 and 02 = (a; — x*)/2i. When ai and 
02 are free, we have 17(01,02) = x('2i)'^2) by Theorem 4.5(2). In this section we show that 
this equality remains true for R-diagonal variables. The notion of /^-diagonal was introduced 
by A. Nica and R. Speicher [13], where it was shown that for a; G with kerx = {0}, x is 
i?-diagonal if and only if it admits the polar decomposition x = u\x\ with a Haar unitary u 
free from \x\ = (x*^)-^/-^. 

The "Lebesgue" measure on M„ is defined as 

n 

dAn{X) := Yl d{ReXij)d{lmXij). 

Recall the following correspondences of measures under the transformations of Descartes 
decomposition and of polar decomposition (see [9, 6.5.4 and 4.4.7]). 

(a) Under the transformation X G M„ (^i,-42) G (M*")^ with X = Ai + iA2, the 
measure A„ on M„ corresponds to the product measure 

An^An on(M^«)2. 

(b) Let Un be the unitary group of order n and the set of positive semidefinite nx n 
matrices. Under the transformation X G M„ 1-^ {U, X*X) ^UnX M+ where U is the 
unitary part of X (uniquely determined for non-singular matrices X, the other case 
being A„-negligible), A on M„ corresponds to the product measure 

7„ (g) (C„ A„ I ) on Un X M+ 

where 7„ is the Haar probability measure on Un and 

n(n+l)/2 

Theorem 5.1. For every x = ai + ia2 G M. with ai,a2 G Ai^"", 

r/(ai, 02) < xix*x) + ^ log ^ + ^. 
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Proof. For each real polynomial q{t) we set p G C{Xi, by 

p{X^,X2) := + iX2)*(Xi +iX2)). 

Obviously, we have 

q{x*x) = p{ai,a2), 
q{X*X) = p{Ai,A2) for X = Ai + iA2, ^1, A2 G M^». 

For each R > \\x\\, since 

{Ai + iA2 : {Ai,A2) e {M^'')r} C {Mn)2R := G M„ : ||X|| < 2R}, 

we get 

/ exp{-nhTn{p{Ai,A2))) dAf (^1, A2) 

< / exp{-nhTn{q{X*X))) dA„(X) (by (a)) 
= Cn [ exp{-nhrn{q{A))) dK{A) (by (b)) 

<Cn ex.p{-nhTn{q{A))) dAn{A), 

where (M+)4^2 := (A G M+ : P|| < AR^}. Therefore, 

TTRip) = limsup f ^ log / exp(-n^tr„(p(Ai, ^2))) dA®^(^i, A2) + log 

< limsup I ^ log [ exp(-n^tr„(g(^))) dAn{A) + ^ logn ) 



+ lim ( ^logC„ + ^logn 

n-+oo \ 2 



, , 1 , TT 3 

= 7r4K2(9) + 2log 2 ^ 4' 
This implies that 

r)Riai,a2) < r(p(ai, 02)) + 7rfl(p) 



1 TT 3 

< r(g(x*x)) + 7r4R2(g) + -log- + -. 



Taking the infimum of the above over q yields 

miai ,a2) < r]4R^ ix*x) + ^ log | + ^ 

= YiX X) -\ log 1 

by Proposition 4.2 thanks to 4i?^ > ||a:*a:|[, completing the proof. □ 

Corollary 5.2. If x & M. and xix*x) = —00 (in particular, this is the case ifkeix {0}), 
then 



77(01, 02) = x(ai, 02) = -00. 
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Proof. Since 

1 vr 3 
X(ai, 02) < x{x*x) + 2 2 + 4 = "^^ 

by [9, 6.6.3], Theorem 5.1 gives the conclusion. □ 

Corollary 5.3. If x = a\ + ia2 with 01,02 G M.^^ is R-diagonal and R > \\x\\, then 

77(01, 02) = ?7jj(oi, 02) = x(ai, 02)- 

Proof. By Corollary 5.2 we may assume kerx = {0}; then x admits the polar decomposition 
as mentioned in the first paragraph of this section. By Theorem 5.1, 

1 vr 3 

VR{ai,a2) < ??(ai, 02) < x{x*x) + - log - + -. 
But, it is known (see [9, 6.6.8] and [12]) that 

1 TT 3 

X(ai, 02) = Xr(oi, 02) = x{x*x) + - log - + -. 
Since X-r(<^1)012) < ^_R(cii,a2) by Theorem 4.5 (1), we have the conclusion. □ 

6. Modified quantity fj{ai, . . . ,OAr) 

Although the free entropy-like quantity 77(01, ojv) is different from x(oi, • • • ; oat) as 
mentioned in Remark 4.6, it is a natural one from the viewpoint of "free variational prin- 
ciple." In this section we introduce a modified version of r/(ai, . . . ,ajv), which is shown to 
coincide with x(c^i) • • • ^o-n) in general. For each i? > we consider the minimal C*-tensor 
product .4^^ <8)min •^^r\ whosc norm is denoted by || • ||_R,min- The algebraic tensor prod- 
uct C{Xi, . . . ,Xn) iSi C{Xi, ... ,Xn) is naturally considered as a (dense) *-subalgebra of 

•^fl 'X'min ■^R ■ Let oi, . . . , Oat be selfadjoint operators in B{7i). For q{Xi, . . . , Xjv) = 
Yl Cii-ikJi-Ji^ii "'^ik'^ ■ ■ ■ ™ C(Xi, . . . , Xn) C(Xi, . . . , Xn), we define 

g(oi, . . . , Oat) := ^ Cij,...ij.j^...j,Oij ■■■ai^® aj^ ■ ■ ■ aj^ G .4^ -* (8)min .4^ ^• 

When lloj II < R, since the functional calculus h{ai , . . . , oa?) for € A^^^ is a *-homomorphism 
of ^ into Bin) (see Section 2), one can define the tensor product *-homomorphism $ (8) $ : 
-4if ^ ®min^if ^ ^ B{H)®B{n) = B{n®n). We denote ($(g)$)(5) by 5(01, . . . , oat) for 5 G 
<8)min -^R^ ■ This extends g(ai, . . . , oat) above for q G C(Xi, . . . , X^) (g) C(Xi, . . . , X^). 

Definition 6.1. For each i? > and g G (-4^^ ®min A^Py^ define 



{g) := limsupf \ log / exp(-n2(tr„ (g) tr„)(5(Ai, . . . , Aat))) dA®^ 



TV, ^ 
+y logn 



Properties of 7r^^(5) is similar to those of TrR{h) in Proposition 2.3; for example, 

(1) 7r^^(5) is convex on [A^^^ ^min^^V", 

(2) |7rg)(5i) - 7rg)(52)| < Ibi - 52||il,min for all 51,52 G (^jf ^ ®^in .ASf 
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Definition 6.2. Let Ti^'^^{Xi, . . . ,Xn) denote the set of selfadjoint linear functionals v on 
C{Xi, Xn)0C{Xi, Xn) such that = 1. For each i? > and G S^^) {Xi,..., Xn) 
define 

r,^^\u) := M{u{q)+Tr^^\q):qe{C{Xi,...,XN)^C{Xi,...,XN)y''}. 

One can sec as Lemma 3.3 that if u £ T,^'^\Xi, . . . , X^) and fj'^ {i') > — oo, then v G 
T(^^-' ®mm -4.^^), that is, V (uniquely) extends to a tracial state on .4^'' (SDmin •^^r ^ ■ 
Hence the essential domain of r/^^^ is included in T(^^'* ®-min -^^r^)- Furthermore, as in 

Theorem 3.4, -K^^ig) for g G (^Jf^ ^Sf^)'" and nfi^) for v G T{A^^^ ®min A^P) 
are the Legendre transforms of each other with respect to the Banach space duality between 
(^^■* ®min -^py^ and the selfadjoint part of {A^ <8)min -^p)* ■ 

Definition 6.3. For each ai, . . . , ajv G M^"" define 

77R(ai, . . . ,aiv) := r/2^(/X(ai,...,a^) ® /X(ai,...,ajv))' 

where M(ai,...,ajv) ^ ^(-'^ii • • • >^Ar) was given in Definition 4.1 and M(ai,...,ajv) ® /^(ai,.-,ajv) 
element of E(^)(Xi, . . . ,Xjv) defined by the algebraic tensor product of At(ai,...,OAr) and itself. 
Furthermore, define 

fi{ai, . . .,aN) ■■= sup77fl(ai, . . . ,aAr)- 



Note that if i? > maxj ||ai||, then H(ai,...,aN) ^ ^(^if ^) ^nd so H(au...,aN) M(ai,...,a;v) ^ 

'^("^-R ^min -4^^ )• 

Theorem 6.4. For every ai, . . . , cat G A^*" and R> 0, 

TjR^ai, . . .,aN) > fiR{ai, . . . ,aAr) = Xj?(ai, . . . ,aAr), 

77(01, . . . ,aAr) > 77(ai, . . . ,aAr) = x(ai, ■ ■ ■ ,aAr)- 

Proof. By Theorem 4.5 (1) it is enough to prove fjR = XR- (A direct proof of rjR > rjR is also 
easy from definition.) For each q G (C(Xi, . . . , Xj^) C{X\, . . . , Xjv))*" notice that 

oi,...,ajv) '^^ A*(ai,...,ajv) 

)(g) = (T(8)r)(g(ai,...,aAr)) 

is a polynomial (of at most order 2) of mixed moments r(ai^ • • - ajj.) with k < K for some 
G N. This is same for (tr„ (X) tr„)(Q'(Ai, . . . , ^at)) with Ai,...,An G M^". Thus, for 
any 6 > 0, one can choose r G N and £ > such that, for each ra G N, if {Ai, . . . ,Aj^) G 
Tr^ui, un; n, r, e) then 

\{trn ® tin){q{Ai, . . . , An)) ~ (r r) (17(01, cat))] < 5. 

Then, the proof of fjR^ai, . . . , ajy) > Xr{'^Ij ■ ■ ■ ■> '^n) is the same as in the proof of Theorem 
4.5(1). 

To prove the converse inequality, let a > xj?(ai, . . . ,aAr) and /3 > 0. There exist r G N 
and £ > such that 

limsup( ^logA®-^(rR(ai,...,aAr;n,r,£)) + ^logn] < a. 

n— >oo \W / 

Set 

I ■= {{h, ■■■ ,ik) ■ 'f <H,-- - ,ik < N, 1 <k <r} 
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and define ge {C{Xi, . . . , Xn) C{Xi, . . . , Xn))'" by 
q{Xu...,XM) 

(n,...,ifc)gi' 

We notice (r ® T){q{ai, . . . un)) = and 

(tr„ (8)tr„)(g(^i, . . . , Ajv)) = ^ ^ |tr„(^jj • ■ ■ ^i^^^) - T(aii • ■ ■ ajj|^ 

(n,...,ifc)e7 

for .41, . . . , ^AT G M^". Since 

(tr„ (g) tr„)(g(y4i, . . .,An)) > P if (^i, • • .,An) rfl(ai, . . . ,aN;n,r,£), 

we get 

/ exp(-n2(tr„ ® tr„)(g(^i, . . .,An))) dA®^ 

< Ar {TRiai, ...,aN;n,r,e))+ e'^'^Ar ((M^ )^) 



so that 



l/n2 



/ exp(-n2(tr„ ® tr„)(g(^, . . .,An))) dA^A 



Since 



and 



lim sup (r^(a, , . . . , a^r; n, r, e)) ) < 



l/'n? / 1/0/ 



^lim n^/2(Ar((Mr)^)) = Jim (n^/^ (a„((M-)^ 

= (i?(7r/2)V2e3/4)'^ 

(see [9, §5.6]), we have 

hmsupn^/2 f exp(-n2(tr„®tr„)(g(^i,...,Ajv)))dA®^ I 

<e" + e-'^(i?(7r/2)V2e3/4j^ 

so that 

7rg)(g) < a + log(l + e-"-^(it;(7r/2)V2e3/4)'^) . 
Since (r (g) r)(g(ai, . . . , ajv)) = 0, this imphes that 

miai, . . . , a^) < a + logf 1 + e'^-'^ (i2(^/2)i/2e3/4' 



Letting /? ^ +00 and then a \ Xi?(ai, . . . , un) we obtain fjji{ai, . . . , ajv) < Xil(o^i! • • ■ 
completing the proof. 
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Some known properties of x(<^i) • • • > (^n) may be shown based on Theorem 6.4. For instance, 
the change of variable formulas in [16, 18] can be proven for fj{ai, . . . , ajv) in a bit more easily 
than for x(ai, . . . , qn)- 

7. GiBBS ENSEMBLE ASYMPTOTICS 

For each R> and n € N we define the "micro" pressure function Pr „ (h) for h G (v4^^ ) ^" 

by 

PR,n{h):=log [ exp{-nhin{h{A,,...,AN)))dA^^{A,,...,AN). 

This is nothing but the usual (classical) pressure of the continuous function n^tr„(/t(^i , . . . , An)) 
on (M^«)^. The definition (2.1) is 

TTRih) = limsuJ ^PR,n{h) + ^logn) for h G (^if^)'". (7.1) 

For each ho G {A^^'')^^ we define the Gibbs probability measure A^°„ on (M^«)^ correspond- 
ing to the function n^tr„(/io(^i, ■ ■ ■ , A^)) by 

d\''j^^JAi,...,AN) := -^exp{-nhvn{ho{Ai,...,AN))) 

xX(M-)^(^i> ■■■,An) dA^^{Ai, ...,An), 
where the normalization constant := exp(PR_„(/io)) . Furthermore, we define 

f^Rnih):= [ tr„(/t(^i,...,^jv))dA^°„(^i,...,^iv) for G (^Jf 

It is immediate to see that At^°„ G T(>A^^). The next lemma is elementary and well known. 

Lemma 7.1. With the above definitions, the function Pr^u convex on (^(f))'" and dif- 
ferentiable at any ho G (-4^^)*". The supporting function of Pr^u o,t ho is 

where S{X'^^) is the Boltzmann- Gibbs entropy: 

Six's n) ■=- f ^ log ^ dAr. 

^ ""'"^ J{Msa)N dAT ^ dAT " 

Proposition 7.2. Let ho G Ar. 

(1) There exists an equilibrium tracial state no & '^{•^^r^) associated with ho such that 

^l-lS^ fi^(^Sn) + y logn) < rjRino) < limsup(-l5(At) + f logn). 



(2) Assume that the limit 



T^R{ho) = lim (\pR,niho) + ^logn ) 
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exists. Then any limit point of the sequence {:^S(X'^^) + ^ log n| is attained as the 
value riR{fXo) of some equilibrium tracial state /xq associated with ho. In particular, if 
fj,o is a unique equilibrium tracial state associated with ho, then 

^«(^o) = ^lim (^-l5(A^«J + f logn). (7.2) 

Proof. (1) First, note that T{A^^^) is a compact metrizable space in the weak* topology. 
Hence, there exists a subsequence {n{k)} of {n} such that 

T^Riho) = Jim^(^^^^PR,„(jfc)(^o) + Y logn(A;)^ 
and weakly* converges to some /xq £ '^{^r^^)- Lemma 7.1 we get 

Mo(^o) + 7ri?(/io) = Jim^(^M^'^„(;t)(/io) + ^^^^_R,n(fc)(^o) + y logn(A;)^ 

and for every h G {•^^r ^)'^"^ 

Ho{h) + TTR{h) = lim IJ-Rn(k)^h) + limsupf ^PR,n(^) + ^ logn J 

- ^TJ^^ i^'^Mk) + :^^RMk) (h) + y log nik)j 

By Theorem 3.4 (1) this implies that ^uq is an equilibrium tracial state associated with Hq and 
??r(Mo) = l^o{ho) +7rR{ho). Hence we have the conclusion. 
(2) Let {n{k)} be a subsequence of {n} for which the limit 



a 



:= lim ( -^S(X'l° ,,,) + — log n(k)] 



exists. We may assume that ^ A*o weakly* for some /xq G )• Then, as in the 

proof of (1), we get /xo(/io) +T^R{ho) = a < Hoih) + TrR{h) for all h G and the result 

follows. □ 

Although the formula (7.2) has been shown under the existence of limit in the definition 
of TTRlho) as well as the strong assumption of unique equilibrium, the above proposition 
provides the noncommutative multivariate version of the property (IV) in Section 1. The 
existence of limit of this kind seems one of the major questions in random matrix theory, 
and recently a similar limit behavior has been investigated by A. Guionnet [6] for several 
particular noncommuting polynomials of interest. 

To get rid of the convergence problem, we are tempted to introduce the free pressure by 
using the limit via a ultrafilter, as Voiculescu defined the free entropy x'^ in [20]. Let u be 
a fixed free ultrafilter, i.e., u G /3N \ N. Since the inside of the lim sup in (7.1) is a bounded 
sequence, we can define 



7r^(/i) := lim f^Pji {h) + ^ logn ) 
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for each R > and h € A'^^. Then tt^ has the same properties as ttr, and we define its 
Legendre transform with respect to the duahty between (-4^'')^" and (^4^^ '')*'''"" by 

As before we have ?7^(/^() = — oo unless /x G T(^^^) and 

7r^(/i) = snp{-f,{h) + rj^M ■■ e T{A^^^) } iov h e [A^Y- 
Similarly, we define for g G (.4^^ (8)min ^if^"*)^" 



(2) 



(5) := limsupf ^log / exp(-n2(tr„(8)tr„)(5(Ai,...,Ajv))) dA®^ 



+_logn 



and for G T (^Jf ^ ®„in ^^f 

r7g)'"(z.) := inf{z.(/i) + 7rg)'"(/i) : /i G (^r ® ^1')^'^}. 
Furthermore, for each ai,. . . ,aN G 7W*" define 





. ,aiv) 


■— ''7R(/^(ai,...,aM))' 


rfiai,.. 


. ,aAr) 


:= supr?;R(ai,...,aAr), 




. ,aAr) 


:= (/^(ai,...,a^) 


r(ai,.. 


. ,aAr) 


:= sup??;R(ai,...,aAr). 
R>0 



The next proposition can be shown as Theorems 4.5 and 6.4. 
Proposition 7.3. For every ai, . . . , oat G M^'^ and R> 0, 

?7^(ai,... ,ajv) > ??^(ai,... ,aAr) = Xiiiai,-- • ,aAr), 

77'^ (ai, . . . ,aAr) > r?'^(ai, . . . ,aAr) = x'^(«i> • • • ,«Ar). 
Proposition 7.4. Lei ho G (v4^'')*" antf define 

r/ien is an equilibrium tracial state associated with hg in the sense that 
Moreover, 

vUf^tj = ^^j^2Si>^tn) + T log" 
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f^Ruj ^ ^(-^if )• By Lemma 7.1 we get for every h G 



> 



This implies the conclusion. 



□ 



Finally, it is worth noting that the Gibbs ensemble asymptotics (or random matrix approx- 
imation) provides a useful tool to obtain free probabilistic analogs of classical problems. For 
example, the free transportation cost inequality established by Ph. Biane and D. Voiculescu 
[1] in case of single variables was re-proven in [10] by using this tool, and the multivariate 
case will be discussed in our forthcoming paper. 
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